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Extension of the A Formulation to
Imperfect Gas Flows

II. Formulation
The formulation is presented here for simplicity for a quasi-

one-dimensional isentropic flow. We assume the speed of
sound a as the state variable, and the velocity u as the motion
variable. Consequently, the continuity and momentum equa-
tions, which we write for convenience in the form

Pt ,+ aux — —au (1)
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I. Introduction

A WIDE class of nozzle flows, including in particular those
in air-breathing engines and wind tunnels (except the

ones operating in the hypersonic range), involve large temper-
ature excursions, but with stagnation values limited to
2000-2500 K. In such conditions, whereas chemical reactions
can still be considered negligible, effects related to the specific
heat varying with the temperature cannot. Indeed, specific
heat at constant pressure cp exhibits a fairly large variation
with temperature. For example, the cp of air varies by ~ 25%
in the temperature range 200-2000 K (thermal equilibrium is
assumed; see Sec. IV for a discussion of this assumption). At
the same time, in the flows under consideration, the thermal
equation of state is still closely obeyed. Such behavior must be
taken into account in computational models if accurate nu-
merical predictions are required.

The X formulation1'2 has proven to be a powerful tool for
the numerical solution of compressible flows of a perfect gas.
By "perfect" we mean that the gas is assumed to be both
thermally and calorically perfect. The first attribute refers to
its obeying the perfect gas law, and the latter denotes that its
cp is taken as a constant. This formulation has been success-
fully extended to finite-rate chemically reacting flows,3"5 but
with the limitation that the component gases of the reacting
mixture are perfect.

In this Note we extend the X formulation to (inert) flows of
thermally perfect gas with cp varying as a function of the
temperature T. Such gases are sometimes referred to as "im-
perfect gases." The resulting formulation is extremely simple
and involves a minimum computational overhead in compari-
son to the perfect gas case. Indeed, existing algorithms for a
perfect gas can easily be upgraded with a minimum coding
effort, without fundamentally altering their structure.

The proposed formulation is applied to the computation of
flow in a quasi-one-dimensional nozzle to prove the workabil-
ity of this approach and to demonstrate the differences with
respect to a perfect gas computation. It will be apparent,
however, that the range of application of the present formula-
tion is completely general.

It should be noted that, at temperatures above the range
considered here, reaction must inevitably be taken into ac-
count. However, this involves completely redefining both the
model and the computational algorithm, with associated prob-
lems of an entirely different magnitude and much longer com-
puter times. Further, the problem of caloric imperfection must
still be addressed at the level of the individual component
gases. Instead, the aim of the present paper is to show that
within the stated assumptions a significantly better physical
description can be achieved at a minimum cost with respect to
a standard formulation.

ut + uux + - px = 0
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will be recast in terms of the variables a and u. To this end, we
observe that the speed of sound is related to the temperature T
via the relationship

a2 = yRT (3)

where 7 is the gas specific heats ratio cp/cV9 with R = cp - cv.
After logarithmic differentiation we obtain

(4)

where the prime denotes differentiation with respect to either
t or x, and yT is the derivative of 7 with respect to T. From the
first principle of thermodynamics, written for adiabatic flows
with pressure work only,

(5)

from which, in view of Eq. (4),

^-= 1

P

with the definition 6 = (7 - 1)72. This expression will be sub-
stituted into the continuity equation.

The pressure gradient term in the momentum equation can
be expressed by means of Gibbs' relationship, which in partic-
ular for isentropic flow reduces to

V-*'P
where h is the enthalpy. Then, after Eq. (4), with h' = cpT'9
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The set of Eqs. (1) and (2) can then be recast as
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At this juncture, we note that the term a' can be expressed
alternatively as aTTr, with a being a function of the tempera-
ture T only. We also note that the term
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is solely a function of the temperature only, as well. We can
thus define the function

J
(8)

where 0 is the temperature as a running integration variable
and T0 is an arbitrary reference temperature. Notice that the
integrand is always positive, so that the function F(T) is
monotonic and can easily be inverted. This definition allows
the terms in the derivative of a in Eqs. (6) and (7) to be
expressed as

1

7 /

and similarly for the derivative with respect to x. We can then
recast Eqs. (6) and (7) in terms of the new variable F as

Ft + uFx aux = i

ut + uux + aFx = 0

(9)

(10)

with /3 = - auAx/A. By summing and subtracting Eqs. (9) and
(10), and defining

A! = « + #, \2- u - a

we obtain the final form:

R\t ~^~ AI/VI^ = p

having defined the Riemann variables as

R^F + u, R2 = F-u

(U)

(12)

Thus, the new variable F allows the Riemann variables for
imperfect gas flows to be expressed as linear combinations,
with constant coefficients, of the dependent quantities. This is
analogous with the formulation for a perfect gas. For the case
of strictly one-dimensional flow, such variables represent true
Riemann invariants. Further, the imperfect gas formulation
becomes formally identical to the perfect gas one. It is there-
fore apparent that the present formulation can be extended
without difficulty to multidimensional flows, following the
guidelines of previous work,6 by redefining the Riemann vari-
ables in a similar fashion.

III. Solution Algorithm
As an example of the present formulation, we apply it here

to the flow in a converging/diverging nozzle. We consider the
steady-state solution only. A semi-implicit algorithm, devel-
oped along the guidelines of Moretti's fast solver,7 is used. In
this iterative technique Eqs. (11) and (12) are integrated sepa-
rately, at each step, by successive sweeps over all of the com-
putational domain.

The discretized form of Eq. (11) is, with second-order up-
wind differencing,

R\,n ~ R\,n—————————
At

, c-
+ At

Ax

as AI is always positive in the flow under consideration. The
averages are defined as

The caret denotes the previous iteration level. Concerning Eq.
(12), we have to make a distinction between the cases A2>0
and X2<0. In the former case (supersonic flow) the discretiza-
tion is analogous to that for R\:

with

2 2

whereas for A2 < 0 (subsonic flow) we get

At Ax
with

Astride the sonic line the accuracy of the algorithm is reduced
to first order by setting

in order not to violate the domains of dependence of the
variables. The equation in R\ is integrated by sweeping in the
positive x direction, whereas the one in R2 is integrated by
sweeping from the sonic line to the exit (supersonic region)
and from the sonic line to the inlet (subsonic region). This
algorithm gives a very fast convergence to the steady solution.
For the case of imperfect gas, the procedure is initialized by
first guessing the temperature field and then accordingly esti-
mating F via the relationship

F = F(T) (13)

as in Eq. (8). The a field is analogously initialized by means of
the relationship

a=a(T) (14)

as in Eq. (3). This allows AI and A2 to be computed. Then at
each iteration step the new values of RI and R2 are computed,
and u and F are updated as

u = - Ri+R2

The speed of sound is then recomputed as

a=a(F) (15)

where the argument of Eq. (14) has been transformed into F
by inverting Eq. (13). The propagation speeds AI and A2 can
then be recomputed and a new iteration cycle can be started,
until convergence is attained.

The boundary condition at the inlet involves matching the
total enthalpy:

(u2/2)

where h is recovered as

h=h(F)

with the stagnation enthalpy hcj i.e.,

(16a)

(16b)

where F is expressed via the value of R2 as determined by the
left-sweeping integration procedure in the subsonic region.
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Equation (16b) is nonlinear in u and is solved by iteration to
determine the value thereof at the inlet. Once the converged
solution is obtained, the density can be recovered as a function
of F, viaEq. (5):

cv(0) dO (17)

The pressure is then computed by means of the (thermal)
equation of state.

In the present implementation the functions defined by Eqs.
(13-17) are computed off-line and approximated by fourth-
order fits, obtained by means of orthogonal polynomials,
to make the computational procedure as straightforward as
possible.

IV. Results and Discussion
We show here a comparison between a calculation per-

formed for a perfect gas (with 7 = 1.4) and the present ap-
proach for an imperfect gas, by considering critical flow in a
converging/diverging nozzle. The working fluid is assumed to
be air, with caloric properties modeled as a function of the
temperature by means of the so-called NASA polynomials
(e.g., see Ref. 8). A nozzle with conical converging (semiangle
45 deg) and diverging (semiangle 15 deg) sections, matched by
a throat section with a circular profile, is considered. The inlet
and throat radii are in the ratio 0.19 to 0.12 (note that in the
present formulation results are independent of the scale of
length, as in perfect gas flows); the radius of curvature of the
throat is equal to the throat radius, and the geometric expan-
sion ratio (exit to throat area) is 5. The stagnation temperature
Tc is assumed to be 2000 K (note that for imperfect gases
results do not scale with temperature). Although at this high
temperature some molecular dissociation and formation of
nitric oxides do occur, a chemical equilibrium computation
(performed with the code by Reynolds9) shows that the cumu-
lative mass fraction of the ensuing products is < 1 %, except
for pressures below 0.002 atm; incidentally, finite-rate chemis-
try effects lead to nitric oxide concentrations well below the
equilibrium values in most situations. Accordingly, in this
study we neglect effects related to varying composition. In
particular, the variation in the average molecular weight turns
out to be absolutely negligible. A computational grid with 40
nodes is chosen; for a perfect gas it yields a relative dis-
crepancy between the analytical and numerical solutions lim-
ited to 0.7% (in terms of Mach number).

Figure 1 compares axial profiles of velocity u for the two
cases of a perfect and an imperfect gas, with the same stagna-
tion conditions. The nozzle profile is superimposed on the
figure. In the same fashion Fig. 2 compares axial profiles of
Mach number, and Fig. 3 compares profiles of temperature. It
can be observed that, although u and M are affected to a
limited extent by the varying cp, the temperature computed
with the imperfect gas model exhibits a sensibly slower decay
than the perfect gas solution because of the higher specific
heat. In particular, the gap between the two solutions at the

2.5

2.0

1.5

1.0

0.5

0.0
0.0 0.2 0.4 0.6

x/L
0.8 1.0

Fig. 1 Axial profiles of velocity u (made dimensionless with the
reference value J/?JC). Dashed-dotted line, perfect gas; dashed line,
imperfect gas; solid line, nozzle contour.
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Fig. 2 Axial profiles of Mach number M. Dashed-dotted line, per-
fect gas; dashed line, imperfect gas; solid line, nozzle contour.
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Fig. 3 Axial profiles of temperature T (made dimensionless with the
reference value Tc}. Dashed-dotted line, perfect gas; dashed line,
imperfect gas; solid line, nozzle contour.

outlet exceeds 150 K, thus underlining the need to account
correctly for the caloric properties of the gas. Further, neglect-
ing the effects of temperature on cp leads to overestimating the
mass flow rate by 4.1% and the velocity thrust by 1.5%;
accordingly, the specific impulse is underestimated by 2.5%.
Notice that for air-breathing engines a consistently larger ef-
fect is produced on the net thrust and specific impulse.

The present model assumes that the gas is in thermal equi-
librium, i.e., that the characteristic time for vibrational relax-
ation TV is small compared to the characteristic local flow time
Tf. This can be quantified by a vibrational Damkohler num-
ber, defined as

which must then be much larger than one for the present
model to hold. This condition is checked for the test case
under consideration as follows. A local flow time is intro-
duced as the inverse of the rate of change of the vibrational
energy ev brought about by the gasdynamic expansion10

Tf
= _Ud£j- '

I t> H v ILcv U-*Jeq

where the subscript eq indicates that the term is computed
assuming vibrational equilibrium (entailing that ev is a func-
tion of the temperature). For rv we adopt the approximate
form of the Landau and Teller model11:

exp(C2/r)1

and refer to the slowest vibrational relaxation process (which
for the present case is de-excitation of N2 by collision with
other N2 molecules). Notice that, unlike equilibrium quanti-
ties, Dav depends on the scale of length (taken here as the
length Ld of the nozzle divergent section) and the pressure
level (identified by the stagnation pressure pc), besides the
temperature scale. Figure 4 reports the axial profiles of Dav,
with pcLd as a parameter. It is seen that the assumption of
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Fig. 4 Axial profiles of vibrational Damkohler number Dav. Dashed
line,pcLd = lOkPa-m; dashed-dottedline,pc£</ = lOOkPa-m; dotted
line, pcLd = 1000 kPa-m; solid line, nozzle contour.
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Fig. 5 Decay of the residual of the computation. Dashed-dotted line,
perfect gas; dashed line, imperfect gas.

thermal equilibrium is satisfied in most parts of the nozzle but
fails in the final part of the divergent section for low values of
pcLd (i.e., for short nozzles operating at a low stagnation
pressure). For Dav < 1 the gas behavior is better represented
by assuming cp to be constant. In applications to high-expan-
sion-ratio nozzles a "sudden freezing" model10'12 can be used
to bridge regions computed under the hypotheses of thermal
equilibrium (i.e., imperfect gas) and vibrationally frozen flow
(perfect gas). The results shown in Fig. 4 are conservative in
that the actual rates of vibrational relaxation are faster than
assumed here. In typical shock tunnel flows the vibrational
relaxation rates are known to be faster than those given by the
Landau-Teller model by a factor between 3 and 100 (Ref. 13).
When this phenomenon is accounted for, the range of appli-
cability of the present work becomes much wider than that
shown in the figure.

Figure 5 compares the convergence history of the computa-
tions for a perfect and an imperfect gas. The solution is
initialized by prescribing the same (arbitrary) Mach number
distribution in both cases. It is apparent that the solution
algorithm described in Sec. Ill gives an extremely fast conver-
gence rate, with the steady state reached in as few as 30
iterations.

V. Conclusions
The proposed formulation demonstrates the possibility of

effectively extending all computational techniques developed
for the X formulation to imperfect gas flows, with minimum
coding and computational effort.
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Surface Reaction Model for Catalyzed
Composite Solid Propellants

S. Krishnan* and R. Jeenut
Indian Institute of Technology, Madras 60036, India

Nomenclature
A = kinetic pre-exponential factor
AfC = oxidizer particle area fraction of the enhanced

condensed phase exothermic decomposition
cp = average specific heat capacity for the solid and gases
DO = oxidizer particle diameter
E = activation energy
K = constant dependent on type of catalyst and surface/

subsurface reaction
m = mass flux
Q = heat release
R = universal gas constant
S - surface area
T = temperature
a = mass fraction of ingredient in propellant
/3F = fraction of oxidizer that partake in primary flame

reaction
F = catalyst specific surface dependent constant
e = ratio of oxidizer decomposed due to a condensed

phase exothermic decomposition to the total oxidizer
decomposed

X = thermal conductivity
$ = stoichiometric oxidizer/fuel ratio
p = density
£* = dimensionless flame height
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